Degeneration of modules is defined geometrically. Riedtmann and Zwara show that this degeneration is equivalent to the existence of a certain short exact sequence. Then Yoshino and independently Jensen, Su and Zimmermann generalised this notion to triangulated categories. We write X ≤ ∆ Y if X degenerates to Y . In this paper, we prove that ≤ △ applied to the singular category D sg (A) of a finite-dimensional k-algebra A induces a partial order on the set of isomorphism classes of objects in D sg (A).
Introduction
Degeneration order of modules is introduced from geometric methods of representation theory of finite dimensional algebras. More precisely, let A be a finite dimensional associative k-algebra over the algebraically closed field k. Let d be an positive integer. A d-dimensional (left) A-module M is the vector space k d together with an action by A from the left. We denote by mod d (A) the set of d dimensional A-modules. Note that mod d (A) is an affine variety (For more ample details we refer to Section 2). The general linear group GL d (k) acts on mod d (A) by conjugation. The orbits under this action are the isomorphism classes of d-dimensional A-modules. We say that an A-module N is called a degeneration of M (denote by M ≤ deg N) if N belongs to the Zariski closure of the GL d (k)-orbit of M in mod d (A). Clearly, this degeneration defines a partial order on the set of isomorphism classes of A-modules. Riedtmann and Zwara gave an algebraic description of degeneration order in [Rie] and [Zwa2] . They showed that M ≤ deg N if and only if there is an A-module Z and an exact sequence 0 → N → M ⊕ Z → Z → 0 and equivalently there exist an A-module Z ′ and an exact sequence
Later in [Yosh2] Yoshino gave a scheme-theoretical definition of degenerations, so that it can be considered for modules of a Noetherian algebra. In this paper, we consider the algebraic description of degeneration order as our definition of degeneration order of A-mod. That is, let A be a finite dimensional k-algebra A over any field k (not necessary algebraically closed), we define an A-module N is a degeneration of an A-module M (still denoted by ≤ deg ) if there exists an A-module Z and an exact sequence
Then from Theorem 2.2 in [Zwa1] it follows that this degeneration ≤ deg is a partial order on the set of isomorphism classes of A-modules. Degeneration theory for triangulated categories and derived categories (cf. [JSZ1] , [JSZ2] , [SaZi] ) has been studied. In a triangulated category we say for two objects X and Y that X ≤ ∆ Y if there is an object Z and a distinguished triangle
In [JSZ1] , Jensen, Su and Zimmermann showed that the triangle relation ≤ △ in bounded derived category D b (A) is a partial order. More generally, in [JSZ2] , the authors showed that, under some finiteness assumptions on the triangulated category including the condition that the morphism spaces between objects are finite dimensional, ≤ △ is always a partial order.
The singular category was introduced by Ragnar-Olaf Buchweitz in an unpublished manuscript [Buch] , he called it stable derived category, and Dmitri Orlov [Orl] rediscovered this notion independently in algebraic geometry and mathematical physics, under the name of singular category. We remark that in general the singular category D sg (A) of a finite-dimensional k-algebra A is not Hom-finite and is in general not a Krull-Schmidt category (cf. [Chen] , [ZhZi] ). Therefore we cannot use [JSZ2] to argue that the triangle relation ≤ △ in D sg (A) for any finite dimensional k-algebra A is a partial order. But in this paper, we will prove, in a different way, that ≤ △ in D sg (A) is really a partial order for any finite dimensional k-algebra A.
This paper is organised as follows, in Section 2, we define a stable degeneration ≤ st for the stable module category A-mod and prove that it is a partial order. In Section 3, we first recall some notions about the stabilization S(A-mod) of the left triangulated category A-mod and prove that in S(A-mod), the triangle relation ≤ △ coincides with the quasi-stable degeneration ≤ qst induced from the stable degeneration order ≤ st in A-mod. We prove that the quasi-stable degeneration ≤ qst in S(A-mod) is a partial order. Last we show our main result (Theorem 3.7), that is, the triangle order ≤ △ in D sg (A) is a partial order. We note that Theorem 3.7 and its proof extend without any changes to finitely generated modules over artinian algebras.
For the background on the degeneration theory of modules and triangulated categories, we refer to [JSZ1] , [JSZ2] , [Rie] , [SaZi] , [Yosh1] , [Yosh2] , [Zwa1] and [Zwa2] . For the definition of singular category, we refer to [Buch] , [Orl] and [Zim] .
Stable degeneration order
First, let us recall the geometrical definition of degeneration order. Let A be a finite dimensional associative k-algebra over an algebraically closed field k. Let n be the dimension of A and d be an positive integer. Let λ 1 , λ 2 , · · · , λ n be a k-basis of A, λ i λ j = l a l ij λ l for i, j = 1, · · · , n with the structure constants a l ij ∈ k. Then a module M corresponds to a unique n-tuple of matrices m = (
. Then there is a one-to-one correspondence between mod d (A) and the zero set of the ideal
, where I is generated by the equations of the matrices
The orbits under this action are the isomorphisms classes of d-dimensional A-modules. We say that an A-module N is called a degeneration of
Clearly, this degeneration defines a partial order on the set of isomorphism classes of A-mod. From the work of Riedtmann and Zwara in [Rie] and [Zwa2] , we have an algebraic description of degeneration order. In this paper, we use this algebraic description of degeneration order as our definition of degeneration order.
Definition 2.1. Let k be a field. Let A be a finite dimensional k-algebra and X, Y ∈ A-mod, then we say that X ≤ deg Y if there exist Z ∈ A-mod and an exact sequence on A-mod,
for some A-module Z ′ . We remark that the degeneration order ≤ deg in A-mod defines a partial order on the set of isomorphism classes of A-modules (cf. [Yosh2] , [Zwa1] ). Definition 2.3. Let A be a finite-dimensional k-algebra and X, Y ∈ A-mod. We say that X ≤ st Y if and only if there exist two projective A-modules P and Q such that X ⊕ P ≤ deg Y ⊕ Q. Clearly, we can induce a relation (called stable degeneration, still denote by ≤ st ) on isomorphism classes of objects in A-mod.
Remark 2.4. Note that P = 0 in A-mod if and only if P is a projective module, so that X ≤ st Y is well-defined for any two objects X and Y in A-mod.
Lemma 2.5. Let A be a finite dimensional k-algebra. Then ≤ st defines a partial order on the set of isomorphism classes in A-mod.
Proof. First, it's clear that the reflexivity is inherited from the degeneration order. We need to check anti-symmetry and transitivity. For anti-symmetry, let X ≤ st Y and Y ≤ st X. Therefore there exist projective A-modules P, Q, P ′ , Q ′ such that
From the transitivity of ≤ deg , we have
Therefore we obtain (cf. Proposition 4.
for any simple A-module S. Note that there exists a canonical bijection between the isomorphism classes of projective indecomposable modules and the isomorphism classes of simple modules for a finite dimensional k-algebra A (cf. e.g. [Lein] ), hence it follows from the inequality (1) that
From the anti-symmetry of the degeneration order ≤ deg , we know that
Hence we have X ∼ = Y in A-mod. This shows that ≤ st is anti-symmetric on the set of isomorphism classes of A − mod. In order to prove transitivity of ≤ st , let
Then there exist projective A-modules P, Q, R and S such that
Hence we have
From the transitivity of ≤ deg it follows that
Hence X ≤ st Z in A-mod. Therefore the transitivity of ≤ st holds. Next we define the triangle relation ≤ △ for a (left) triangulated category. For the concept of left triangulated categories we refer to [BeMa] and [KeVo] . Definition 2.6 ( [Yosh2] , [JSZ2] ). Let C be a (left) triangulated category and X, Y ∈ C, then we say that X ≤ △ Y if there exist Z ∈ C and an exact triangle in C,
Remark 2.7. As well-known, A-mod has a left triangulated structure with the syzygy functor Ω A as the translation functor (cf. [BeMa] ). Hence, we can consider the triangle relation ≤ △ in A-mod. Next we will prove that ≤ △ coincides with ≤ st in A-mod.
Lemma 2.8. Let A be a finite dimensional k-algebra and let X, Y ∈ A-mod.
Proof. Suppose that X ≤ st Y in A-mod. Then there exist projective A-modules P and Q such that X ⊕ P ≤ deg Y ⊕ Q. By Definition 2.1, there is an exact sequence in A-mod,
This induces the following exact triangle in A-mod,
Conversely, assume that X ≤ △ Y . Then there exist an A-module Z and an exact triangle,
By the construction of the left triangulated structure in A-mod, we know that there exist projective A-modules P, Q and R and an exact sequence in A-mod,
Consider the following commutative diagram, 0 0
where α is the composition of X ⊕ Z ⊕ Q → Z ⊕ R → Z. Since R is projective, the bottom row sequence splits, hence ker α ∼ = Y ⊕ P ⊕ R and we obtain the exact sequence,
Proof. From Lemma 2.8 it follows that X ≤ st Y if and only if X ≤ △ Y in A-mod. Hence we have the following exact triangle in A-mod,
The Axioms of (left) triangulated categories imply that there is the following exact triangle,
Stable categories and stabilization
We recall some notions about the stabilization of stable categories. For details, we refer to [Bel] .
Definition 3.1. Let (C, Ω, △) be a left triangulated category. The stabilization of C is a pair (ι, S(C)), where S(C) is a triangulated category and ι : C → S(C) is an exact functor, called the stabilization functor, such that for any exact functor F : C → D to a triangulated category D, there exists a unique exact functor
We recall the construction of S(C) (cf. [Bel] , [Hel] , [KeVo] ). An object of S(C) is a pair (X, m) where X ∈ C and m ∈ Z.
Then S(C) is a triangulated category with the translation functor:Ω : S(C) → S(C) defined as follows:Ω(X, m) = (X, m − 1).
is an exact triangle in S(C) if and only if there exist k ∈ 2Z and a triangle, which represents the above triangle,
Theorem 3.2 (Corollary 3.9. [Bel] ). Let A be a finite-dimensional k-algebra, then there exists a triangle equivalence
Definition 3.3. Let A be a finite dimensional k-algebra. Let (X, m), (Y, n) ∈ S(A-mod).
We say that (Y, n) is a quasi-stable degeneration of (X, m) (denote by (X, m) ≤ qst (Y, n)) if and only if there exists
Remark 3.4. Since S(A-mod) is a triangulated category, there is the triangle relation ≤ △ (cf. Definition 2.6) in S(A-mod). Next we will show that these two relations ≤ qst and ≤ △ in S(A-mod) coincide.
Proposition 3.5. Let A be a finite dimensional k-algebra, Then in S(A-mod) we have that
Proof. If (X, m) ≤ qst (Y, n), then by Definition 3.3, there exists k ∈ N such that Ω k−m (X) ≤ st Ω k−n (Y ) in A-mod, which means that there exist an A-module Z and an exact triangle in A-mod
So we have a triangle in S(A-mod)
which is isomorphic to
that is, there exist k ∈ 2N and an exact triangle in A-mod,
Hence Ω k−m (X) ≤ st Ω k−n (Y ), so (X, m) ≤ qst (Y, n). Now let us prove the main theorem (cf. Theorem 3.7). Before we come to the proof of Theorem 3.7, we need the following lemma.
Lemma 3.6. Let A be a finite dimensional k-algebra. Then the quasi-stable degeneration relation ≤ qst in S(A-mod) is a partial order on the set of isomorphism classes of objects in S(A-mod).
Proof. The reflexivity is inherited from the stable degeneration in A-mod. For transitivity, let (X, m) ≤ qst (Y, n) and (Y, n) ≤ qst (Z, l), then there exist k 1 , k 2 ∈ N such that
and
From Lemma 2.9, we have that
By Lemma 2.5, we know that the stable degeneration ≤ st in A-mod is a partial order, hence
So (X, m) ≤ qst (Z, l), the transitivity holds in S(A-mod). Similarly, we can show that the anti-symmetric.
Theorem 3.7. Let A be a finite dimensional k-algebra, then the triangle order ≤ △ is a partial order on the set of isomorphism classes of D sg (A).
